Dynamic microwave properties of arrays of circular Ni and Ni 81 Fe 19 dots were studied by X-band ferromagnetic resonance ͑FMR͒ technique. All of the dots had the same radius 0.5 m, thickness 50-70 nm, and were arranged into rectangular or square array with different interdot separations. In the case of perpendicular magnetization multiple (up to 8) sharp resonance peaks were observed below the main FMR peak, and the relative positions of these peaks were independent of the interdot separations. Quantitative description of the observed multiresonance FMR spectra is given using the dipole-exchange spin wave dispersion equation for a perpendicularly magnetized film where in-plane wave vector is quantized due to the finite dot radius, and the inhomogenetiy of the intradot static demagnetization field in the nonellipsoidal dot is taken into account. The knowledge of high-frequency dynamics of submicron magnetic particles used as elements of modern magnetic recording systems or as smart sensors is critically important for the understanding and improvement of their noise and magnetization reversal characteristics. Recently, dynamic properties of arrays of submicron magnetic elements of different shapes and compositions have been probed using room temperature Brillouin light scattering ͑BLS͒.
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1,2 Ferromagnetic resonance ͑FMR͒ is another technique that can be successfully used to investigate dynamic properties of magnetic nano-elements, and it has several important advantages over BLS. First of all, FMR has a very high accuracy in determining the positions of resonance peaks that translates into much higher resolution in determining the eigenfrequencies of the investigated system. Second, in a FMR experiment it is easier to study planar magnetic systems magnetized at a certain angle to the system plane and, in particular, perpendicularly magnetized magnetic dots. Previously, both BLS 1,3 and FMR 4 techniques were used to study static anisotropies and dynamic spin wave excitations in arrays of tangentially magnetized magnetic dots. The induced in-plane uniaxial anisotropy field increased with the decrease of interdot separations in reasonable agreement with calculations. 4 Theoretical description of magnetization dynamics in tangentially magnetized circular dot array in terms of excited spin wave modes encounters, however, substantial difficulties due to the absence of cylindrical symmetry in the dot plane. 3, 5 Thus, it is very interesting to study experimentally the dynamic properties of perpendicularly magnetized circular dot arrays where cylindrical symmetry is preserved, and theoretical interpretation of the observed spin wave modes is relatively simple.
Recently, BLS technique has been applied for the experimental investigation of high-frequency spin wave modes in an array of axially magnetized long magnetic nanowires 6 having harge aspect ratio ͑height/ radius͒ = L / R ϳ 50. Three spin wave modes, caused by the finite radius of the wire, were observed and fitted using the modified theory by Arias and Mills. 7 In the following, we apply X-band FMR technique to study spin wave modes in an opposite limiting case-a case of perpendicularly magnetized thin circular magnetic dots having aspect ratio (height/radius) = L / R ϳ 0.1, and a submicron radius R = 0.5 m. Arrays of circular Ni dots used in our experiments were fabricated using electron beam ͑EB͒ lithography and liftoff techniques. A double layer resist spin coating and highly directional EB evaporation allow us to obtain dots with sharp edges. The dots with the thickness L = 70 nm, radius R = 0.5 m were arranged into rectangular arrays with the fixed interdot distance of 1 m along one lattice axis, and variable distances from 50 nm to 0.8 m along the other axis. At the later stage an additional array of non interacting circular permalloy ͑Ni 81 Fe 19 ͒ dots with L = 50 nm, R = 0.5 m, and interdot distance 1.5 m was fabricated to check the theoretical model.
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The total patterned area of each sample was 4 mmϫ 4 mm. The nominal dot dimensions were confirmed by direct measurements using atomic force microscopy. Room temperature FMR spectra were recorded at the frequency of 9.3 GHz ͑Ni͒ and 9.85 GHz ͑NiFe͒ using standard electron paramagnetic resonance spectrometers. External field was applied along the normal to the film plane ͑H ʈ n͒. Magnetization of dot arrays and continuous films was measure by superconducting quantum interference device.
When the applied field was close to the sample normal, multiple sharp resonant peaks (up to 8 for FeNi dots) were observed in the field region below the peak of the main ferromagnetic resonance [Figs. 1(b) and 1(c)]. No sight of such periodic spectra was found for the reference Ni [ Fig. 1(a) ] and Py continuous films, supporting the idea that the additional modes with discrete frequencies are due to the confined in-plane geometry of the patterned films and have magnetostatic nature.
For all the samples of the same material the relative positions of individual resonance peaks were independent of the separation between dots in the array, while the absolute field positions of the peaks changed with the change of the dot separation. This property of the FMR spectra in perpendicularly magnetized dot arrays indicates that the dipoledipole interaction between the dots creates an additional effective perpendicular bias field, but does not change the structure of the spectrum of spin wave modes. Thus, in the following we interpreted our experimental results as mostly determined by the size, shape, and properties of the individual magnetic dots.
To explain the experimentally observed multiresonance FMR spectra [Figs. 1(b) and 1(c)] we used dipole-exchange theory of spin wave spectra in unrestricted in-plane magnetic films, 8 where quantization of the in-plane component of the wave vector due to the finite radius of the dot was taken into account. For a perpendicularly magnetized unrestricted inplane magnetic film of the thickness L an approximate diagonal dipole-exchange spin wave dispersion equation (see Ref. 8) can be written in the form similar to the form of a classical Herring-Kittel spin wave dispersion equation in a bulk sample. 9 For the lowest (uniform along the film thickness) spin wave mode we get the following dispersion equation [Eq. (52) from Ref. 8 , where the thickness mode index is n =0]:
where H = ␥H i , M = ␥4M s , H i = H e −4M s + H Ќ is the effective internal bias magnetic field, H Ќ is the perpendicular anisotropy field, M s is the saturation magnetization, ␥ is the gyromagnetic ratio, ␣ = A /2M s 2 is the exchange constant expressed in cm 2 , A is the exchange stiffness constant in erg/ cm, k is the modulus of the in-plane spin-wave wave vector, and f͑kL͒ =1−͓1 − exp͑−kL͔͒ / kL is the matrix element of the dipole-diploe interaction for a perpendicularly magnetized film, which replaces sin 2 k in the classical Herring-Kittel dispersion equation for an infinite ferromagnetic medium. 9 Equation (1) was derived for plane spin waves. However, we can use it to describe approximately the frequencies of standing in-plane spin wave modes in a magnetic dot having the shape of a thin disk L / R Ӷ 1. The finite in-plane size R of the dot brings two qualitative features into the dispersion equation, Eq. (1). First of all, due to the finite radius of the disk only discrete values on the in-plane wave vector will be allowed k → k m , where m =1,2,3,... is the radial mode number, i.e., we shall have in the dot standing spin wave modes having quantized values of the in-plane wave number. Second, due to the nonellipsoidal shape of the dot demagnetizing field inside the dot will be inhomogeneous, and the internal bias field will be a function of the radial coordinate (see Ref. 10 for details),
where the coordinate-dependent effective demagnetizing factor N͑͒ for a cylindrical dot along the normal direction is defined by Eq. (38) in Ref. 10 . Our previous calculations made for thin (the thickness is much less than the in-plane sizes) rectangular dots 11 have shown the dipolar eigenmodes of a dot have almost sinusoidal profile with strong dipolar "pinning" at the dot edges. It is natural to assume that in the cylindrical geometry the dipolar eigenmodes of a thin disk-like dot excited by FMR will have a shape of a zeroth-order Bessel function
and will also satisfy the dipolar "pinning" condition m ͑ = R͒ = 0 at the dot edge. Thus, the quantized values of the in-plane wave vector k m will be determined by the equation 
Substituting k = k m = ␤ m / R for the quantized value of the in-plane wave vector and Eq. (5) for the discrete values of H i = H im to the dispersion equation (1), and assuming that the frequency is constant k /2 = f s = 9.3 (for Ni) or 9.85 (for NiFe) GHz for all spin wave modes, we calculated resonance values of the external bias magnetic field H e res ͑m͒ corresponding to different resonant spin wave modes (3). The following parameters were used in our calculation for nickel dots (Ms = 484 Gs, L =70 nm, R = 500 nm, HЌ = 1.84 kOe, A =8ϫ 10−7 erg/ cm͒ and permalloy dots ͑M s = 830 Gs, L =50 nm, R = 500 nm, H Ќ =0, A = 1.4ϫ 10 −6 erg/ cm͒. Note that the magnetostrictive Ni exhibits strong perpendicular anisotropy. 4 We used the same value of the gyromagnetic ratio ␥ /2 = 3.05 MHz/ Oe for both materials. The results of comparison of the calculated and measured resonance fields H e res ͑m͒ for nickel and permalloy dots are presented in Figs. 3͑a͒ and 3͑b͔͒ , respectively. In is clear from Fig. 3 that our simple theory gives good quantitative description of experiment in both materials.
In conclusion, we observed the multiresonance FMR spectra of laterally confined spin wave modes in nickel and permalloy circular dot arrays. These spectra are quantitatively described by a simple dipole-exchange theory of spin wave dispersion in a perpendicularly magnetized film, where quantization of the in-plane component of the wave vector due to the finite radius of a single dot was taken into account and the inhomogeneous internal bias field inside a nonellipsoidal dot was properly averaged for different spatial profiles of standing spin wave modes. We stress that the dipoledipole interaction between dots, which is significant for small interdot intervals, shifts the observed spectra as a whole, but did not change the structure of the spectra and relative positions of the corresponding resonance peaks. 
